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Abstract. We make the category BGrb^i/ of bundle gerbes on a manifold 
M into a 2-category by providing 2-cells in the form of transformations of 
bundle gerbe morphisms. This description of BGrbji/ as a 2-category is used 
to define the notion of a bundle 2-gerbe. To every bundle 2-gerbe on M is 
associated a class in i?*(M;Z). We define the notion of a bundle 2-gerbe 
connection and show how this leads to a closed, integral, differential 4-form on 
M which represents the image in real cohomology of the class in H'*(M;Z). 
Some examples of bundle 2-gerbes are discussed, including the bundle 2-gerbe 
associated to a principal G bundle P ^ M. It is shown that the class in 
H'^(M; Z) associated to this bundle 2-gerbe coincides with the first Pontryagin 
class of P — this example was previously considered from the point of view of 
2-gerbes by Brylinski and McLaughlin. 



1. Introduction 

Recently there has been interest in developing higher dimensional analogues 
of line bundles — so-called p-gerbes or p-line bundles — which realise classes in 
i?^+^(A/;Z) for a manifold M. Part of the motivation for this comes from physi- 
cists, who wish to interpret closed p-forms with integral periods on M as a gener- 
alised curvature of a bundle-like object on M . A first step towards this goal was 
taken in the book |Q of Brylinski, who developed a theory of differential geometry 
for gerbes. Gerbes were orginally introduced (in a very general setting) by Giraud in 
|T2[ for the purposes of developing a degree 2 non-abelian cohomology theory. The 
theory described by Brylinski allows one to realise classes in H^{M;'L) as equiv- 
alence classes of (abelian) gerbes. Murray in [|l6) invented the notion of a bundle 
gerbe. Bundle gerbes are simpler objects than gerbes but still provide a geometric 
realisation of H^{M;Z). The theory of gerbes and bundle gerbes has proved to 
be very useful tool: in H and § the authors studied anomalies in quantum field 
theory with the aid of bundle gerbes, Hitchin in has used the theory of gerbes 
in his study of mirror symmetry, while Brylinski has made extensive applications 
of gerbes — one example is his use of gerbes in to give an interpretation of 
Beilinson's regulator maps in algebraic i^-theory. 

In [H and the authors constructed a canonical 2-gerbe associated to a princi- 
pal G bundle P — > M where G is a compact, simple, simply connected Lie group. 
2-gerbes, introduced by Breen in are higher dimensional analogues of gerbes. 
Breen used 2-gerbes to study three dimensional non-abelian sheaf cohomology, how- 
ever there is a certain class of 2-gerbes — 2-gerbes bound by the sheaf of abelian 
groups C^f — that give rise to classes in H'^{M;'Z) via the exponential isomor- 
phism H^{M;CIj) = H^{M] Z). This is the class of 2-gerbes studied by Bryhnski 



1991 Mathematics Subject Classification. 18D05, 55R65. 

The author acknowledges the support of the Australian Research Council. 

1 



2 



DANIEL STEVENSON 



and McLaughlin. They show that the canonical 2-gerbe associated to the principal 
bundle P has class in H'^{M; Z) equal to pi, the first Pontryagin class of P. 

We shall consider here a related geometric object, the bundle 2-gerbe. Bundle 
2-gerbes were originally introduced in | [lO| — we shall use a modification of the 
definition used there. A bundle 2-gerbe is a quadruple of manifolds {Q,Y, X, M) 
where {Q,Y, X^'^'^) is a bundle gerbe over the fibre product X'^l. We also 
require that there is a bundle 2-gerbe product. In fact this requires two product 
structures, the first of which is a product on Y, which on the fibres takes the form 
^(X2,X3) X y(£!;i,x2) ~^ ^(xi.x^) for polnts xi,X2 Biid X3 all lying in the same fibre. 
There is also a product in Q covering this product on Y, and which commutes with 
the bundle gerbe product on {Q,Y,X^'^^). This product on Q satisfies a certain 
associativity condition. One can associate to a bundle 2-gerbe {Q,Y, X, M) a 
valued Cech 3-cocycle gijki representing a class in H'^{M; Z). One can also develop 
the notion of a bundle 2-gerbe connection and a 2-curving for a bundle 2-gerbe 
connection in an analogous manner to and show that a bundle 2-gerbe equipped 
with such structures has a 4-curvature. This is a closed, integral differential 4-form 
on M which is a representative in H^{M;M.) for the image, in real cohomology, of 
the class in H'^{M; Z) defined by the cocycle gijki- 

There is a naturally arising bundle 2-gerbe Q associated to a principal G bundle 
P on M where G is as above. If one calculates the Cech cocycle gijki associated to 
Q then one recovers the results of [|| and |Q giving an explicit cocycle formula for 
the first Pontryagin class of P. 

In outline then this paper is as follows. In Section |^ we review the theory of 
bundle gerbes from p6|. In Section ^ we discuss a gluing or 'descent' construction 
for line bundles from |y. In Section ^ we explain how to make the category of 
bundle gerbes on a manifold M into a 2-category by adding 2-cells in the form 
of transformations of bundle gerbe morphisms. This allows us in Section ^ to 
'categorify' the definition of a bundle gerbe, so as to define a bundle 2-gerbe. The 
relationship of bundle 2-gerbes with bicategories Q is also examined here. This 
is also preparation for Section ^ where an example of a bundle 2-gerbe — the 
tautological bundle 2-gerbe — is introduced via the homotopy bigroupoid of a 
space. A Cech 3-class is associated to a bundle 2-gerbe in Section ^and a de Rham 
representative for this class is defined in Section || via the notion of a bundle 2-gerbe 
connection. In Section || the example of a bundle 2-gerbe associated to a principal 
G-bundle is discussed and, using the work of Brylinski and McLaughlin, it is shown 
that the 4-class of this bundle 2-gerbe coincides with the first Pontryagin class of 
the bundle. In Sections |l^ and ^ we discuss higher descent properties of bundle 
2-gerbes and define the notion of a trivial bundle 2-gerbe. We finally show that a 
bundle 2-gerbe is trivial if and only if its 4-class vanishes. We will not discuss the 
relationship of bundle 2-gerbes with 2-gerbes, this will be done elsewhere . For 
some preliminary results in this direction one can consult |l£ | . 

This work is clearly influenced by the ideas presented in 1 1| and . I am very 
grateful to Michael Murray for his supervision of my PhD thesis and for his help 
in the preparation of this paper. 

2. Review of Bundle Gerbes 

Let tt: X ^ M be a surjection admitting local sections. Let A"[^l = X Xm X 
denote the fiber product of X with itself over MandletXW = XxmXxm- ■ -xmX 
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denote the p-fold such fiber product. We can form a simplicial manifold X, — {Xp} 
with Xp = X^P^^^ and the face and degeneracy operators di and Si given by omitting 
the i"^ factor and repeating the i*'^ factor respectively. Thus the face operators 
di : — > xIpI are given by di = tt.^ where 

■JTi{xi, . . . ,Xp+i) = {Xi, . . . ,Xi-i,Xi+i, . . . ,Xp+i) 

for i = 1, . . . ,p+l and forp = 1,2,.... Recall from |l6j that a bundle gerbe consists 
of a triple {P, X, M) where tt : X M is a surjection admitting local sections and 
P is a principal bundle on X^^^ with a product. This means that there is a 
bundle isomorphism 

covering the identity on X^'^^ Here t^i^P ® t^^^P denotes the contracted product 
of the bundles 7rf and -k^^P — see M. Fibcrwise the bundle gerbe product 
mp is a map 

mp : P{X2,X3) ® P{x^,X2) ^ P{X1,X3) 

for {xi, X2t X3) e Xl'^l and we usually write M23W12 for mp(u23 U12) when U23 £ 
P{x2,x3} and U12 S P{xi,x2}- The bundle gerbe product mp is required to be 
associative in the following sense: whenever U34 G P(x3,x4)j ""23 G P{x2,x3) and 
U12 e P{xi,x2) for (xi, a;2, 2:3, a;4) £ we have M34(m23Wi2) = (w34U23)wi2- When 
M is understood we will frequently write (P, X) or even P for (P, X, M). 

Recall that a bundle gerbe also has an identity section; this is a section e of P 
over the diagonal A(X) = {(x, a:)|a; £ X} C X'^l which behaves as an identity with 
respect to the bundle gerbe product. So if u G P(xi,x2) then we have ue{xi) = u = 
e{x2)u. A bundle gerbe also has an inverse map P inv~^P where inv: X^^l 
X^^l is the map which switches an ordered pair {xi,X2), so inv{xi, X2) = {x2,xi). 
We denote the image of w G P{xi,x2) under P inv^^P by u^^ — this has all the 
desired properties: uu~^ = e{x2), {uv)~^ = v~^u~^ and so on. Note also that we 
can identify inv~^P with P*, the bundle P with the action of changed to 
its inverse. For more details we refer to p6| . 

Various operations can be performed on bundle gerbes; for example there is the 
notion of the pullback {f^^P, f^^X,N) of a bundle gerbe {P,X) on M by a map 
f:N-^ M. One can also form the product {P(E>Q,X XmY) of two bundle gerbes 
(P, X) and {Q,Y) on M. Given a bundle gerbe {P,X) we can also form its dual 
{P*,X). We refer to for more details on these constructions. 

Suppose Q X is a principal bundle on X and tt: X ^ M is a. local- 
section-admitting surjection. Let P be the bundle on X^^l with fibre 

(1) P^x,y) = Autcx {Qx,Qy) 

at {x,y) G X^^l. Q has an associative product via composition of isomorphisms. 
A bundle gerbe isomorphic to a bundle gerbe of the form (|l|) via an isomorphism 
preserving the bundle gerbe products is said to be trivial. The notation S{Q) = 
TTf (8) TT^^Q* is frequently used to denote the bundle gerbe (P. 

In [ p^ the notion of a bundle gerbe connection on a bundle gerbe {P,X) was 
introduced. Before we recall this notion it is useful to note (see ^) that we can 
reformulate the definition of a bundle gerbe in terms of line bundles and line bundle 
isomorphisms by replacing the principal bundle P with its associated line bundle 
L. Then L has an associative product uil- tTi^L^tt^^L Tr^^i described in the 
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same manner above. A bundle gerbe connection on P then is a connection Vl on 
L which is compatible with the bundle gerbe product in the sense that 

It is easy to see that the curvature Fy^ of a bundle gerbe connection satisfies 
S{Fy^ ) = 0. Here 6: is the map formed by adding the pull- 

back maps TT* with an alternating sign: S — X^C"!)*'"'?- Therefore 8 commutes with 
the exterior derivative d and, since the tTj are face maps for a simplicial manifold, 
it follows that = 0. Hence we have a complex 

(2) nP{M) i VtP{X) ^ i> . . . i> ^ • ■ • 

It is a fundamental result of that the complex (||) has no cohomology as long 
as M supports partitions of unity. Hence we can solve the equation ^ — d{f) for 
some two form f on X . Following | |l6[ | we call a choice of this two form / a curving 
for the bundle gerbe connection V^. From the equation i^Vi = Hf) obtain 
6{df) — and hence df = tt*{co) for some necessarily closed three form w on M. 
One can show that u has integral periods and hence is a representative of the image 
in H^{AI;M.) of a class in H^{M;Z). We call the three form u! the 3-curvature of 
the bundle gerbe connection Vl and curving /. 

One can associate to any bundle gerbe P on Af a C^^-valued Cech 2-cocycle 
Qijk as described in jl6j. gijk is a representative of a characteristic class DD{P) 
in H^{M\ Z) — the Dixmier-Douady class of the bundle gerbe P. The 3-curvature 
w of a bundle gerbe connection on P is a representative for the image, in real 
cohomology, of DD{P). The Dixmier-Douady class has the following properties. 

Proposition 2.1 (@|). The Dixmier-Douady class DD{P) of a bundle gerbe P 
on M satisfies 

1. DD{P ® g) = DD{P) + DD{Q) for bundle gerbes P and Q on M. 

2. DD{P*) = -DD{P) where P* is the dual of the bundle gerbe P. 

3. DD(f^^P) — f*DD(P) where f~^P denotes the pullback of the bundle gerbe 
P on M by a map f : N ^ M . 

Recall from jlGf that a bundle gerbe morphism f : P ^ Q between bundle gerbes 
P = {P,X) and Q = {Q,Y) is a triple of maps / = {f,f,<j>) where f : X ^ Y is 
a map commuting with the projections nx ■ X — > M, tty : Y ^ M and covering 
(j): M M, while / : P^QisaC^ bundle morphism covering the induced map 
y[2] • ^[2] _^ f[2]. We will only be interested in the case where </> = idM. One 
could define an isomorphism of bundle gerbes P and Q to be a morphism of bundle 
gerbes (/, /, 0) : P Q in which each map was an isomorphism, however it is not 
true that isomorphism classes of bundle gerbes are in a bijective correspondence 
with H^{M;Z). Instead, one can consider the weaker notion of stable isomorphism 



17| of bundle gerbes and show that there is a bijection between stable isomorphism 
classes of bundle gerbes and H^{M] Z). 

3. The Generalised Clutching Construction 

Recall the following result from Q . 

Lemma 3.1 Suppose n: X ^ M is a surjection admitting local sections and 

that P is a'C' bundle on X together with an isomorphism 4>: tt^^P — > t^i^P which 
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satisfies the descent cocycle condition 

(3) TrfV^TTg^V = TTj^V 

over X^"^^ . Then the <C^ bundle P descends to M , ie there is aC^ bundle Q — D{P) 
on M plus an isomorphism Tp: P n^^Q which is compatible with (p. The converse 
is also true. 

The bundle isomorphism (f) above is cahed a descent isomorphism. Note that 
fiberwise (f> is a map Px^ Px2 f^^id the descent cocycle condition is simply that 
the diagram 

Pxi ^ Px2 

commutes. We give an example of this kind of formalism below. 

Example 3.1. Suppose (P, X) is a bundle gerbe on AI and suppose that there are 
two trivialisations Ti and T2 of P on X. Thus there exist isomorphisms P = 5(Ti) 
and P = S{T2) commuting with the respective bundle gerbe products. It is easy to 
see that there is a trivialisation of the bundle 5{Ti®T2) over X^^l . This corresponds 
to an isomorphism 0: t:^'^[Ti ® T2) 1^2^ [Ti ® T2) covering the identity on X^'^\ 
Since the isomorphisms P = 5{Ti) and P = (5(^2) commute with the bundle gerbe 
products on the respective bundle gerbes, one can show that cf) satisfies the descent 
cocycle condition. Hence the bundle Ti ® Pj* descends to a bundle D on Af , ie there 
is an isomorphism Ti = T2® n^^D of bundles on X, where tt : X ^ M denotes the 
projection. 

There is the following strengthening of the above lemma there is an equiv- 
alence of categories D: Desc(X ^ Af) —> BundM between the so called descent 
category Desc(X M) and the category of principal bundles BundM on 
M. Here Desc(X ^ M) is the category whose objects are pairs (P, (f>) where 
(j) : TT^ P — > 7rj~ P is a descent isomorphism as above and whose arrows (P, cj)) — > 
{Q,tp) s-re bundle isomorphisms f:P^Q compatible with (f> and ip, so the 
following diagram commutes: 

1 ^ f 1 

n2'P^^7r2'Q 
Trrip^^TTfiQ. 

It is clear that the operation D which associates the bundle D{P) on M to a 
bundle P on X with a descent isomorphism <j) extends to an operation on maps — 
if /: (P, 0) {Q,tp) then there is an induced map D{f): D{P) D{Q) — and 
this operation is functorial with respect to composition of maps. 

One other point to note is that if we make Desc(X ^ Af) and Bundjv/ into 
monoidal categories via the contracted product (g) of bundles, then the equiva- 
lence of categories D : Desc(X ^ M) Bundjv/ commutes with ® up to natural 
isomorphism. More specifically, we define a functor (g) : Desc(X ^ Af ) xDesc(X ^ 
Af ) ^ Besc{X ^ Af ) by a map on objects given by <E){{P, <j>), {Q, ip)) — {P<E)Q, <i>® 
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ip) and by a map on arrows given by (E>{f, g) = f ® g- Then there is a natural iso- 
morphism between the functors bounding the foUowing diagram: 



Desc(X A M) X Desc(X ^ M) 



Desc(X A M) 



DxD 




Bundjv/ X Bund 



M 



Bund 



Note that such an isomorphism amounts to an isomorphism D{P)®D{Q) D{Pi 
Q) which is natural with respect to maps. 



4. The 2-Category of Bundle Gerbes 

Given bundle gerbes P = (P, X) and Q = (Q, Y) together with a pair of bundle 
gerbe morphisms f,g: P ^ Q with / = {f,f) and g = {g,g) let Df g denote the 
bundle (/, .g)^^Q on X. Therefore Df^g has fibre Q(f{x),g{x)) at a; e X. We 
will construct a descent isomorphism (j)f_g : T^2^Df,g ^ n^^Dfg for -D/.g. Suppose 

V G {T^2^Df^g)(x,^x2) = ThuS V G • ChoOSC W G ^(0:1,2:2) 

and put (t>f^g{v) = g{u){vf{u~^)). Notice that this is independent of the choice of 
u G P(xi,x2)- 4'f,g is a descent isomorphism — ie it satisfies 

over This is a consequence of the associativity of the bundle gerbe products 

on P and Q. We have the following Lemma. 

Lemma 4.1 ((l^). 1. Suppose {P,X) and {Q,Y) are bundle gerbes on M and 
that there exist bundle gerbe morphisms f : P Q and g: P Q. Then the 
bundle Df^g = {f,g)~^Q on X descends to a bundle Df g — D{Df^g) 
on M. 

2. Suppose that P , Q, f and g are as above and that there is a third bundle gerbe 
morphism h: P Q. Then there is an isomorphism 

of bundles on M. 

3. Suppose that P and Q are as above but now we have bundle gerbe morphisms 
f,g,h,k: P —> Q. Then the following diagram of bundle isomorphisms 
on M commutes: 

Dh,k <S) Dgji Df^g ^ Dh,k <S) Df^h 



Dg,k ® Df^g ^ Df^k 

where the isomorphisms are those of (2) above. 

(2) of this lemma is proved by noticing that the bundle gerbe product on Q gives 
an isomorphism (g, h)~^Q®{f,g)~^Q — >• (/, h)~^Q of bundles on X which com- 
mutes with the descent isomorphisms for {g, h)~^Q ® {f,g)~^Q and (/, h)~^Q re- 
spectively. Therefore there is an induced isomorphism D{{g, h)~^Q (8) (/, g)~^Q) — > 
D{[f,h)^^Q). (3) of the lemma is proved similarly, using the associativity of the 
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bundle gerbe product on Q, the functorality of the operation D, and the fact that 
D commutes with (gi up to natural isomorphism. 
This Lemma suggests the following Definition. 

Definition 4.2 Let {P,X) and iQ,Y) be bundle gerbes on M. A transfor- 

mation 9: f ^ g between two bundle gerbe morphisms f,g: P — > Q is a section of 
the bundle Df^g = D{Df^g) on M. 

We would like to form a category Hom(P, Q) associated to bundle gerbes (P, X) 
and {Q, Y) with the bundle gerbe morphisms P ^ Q as objects. Therefore we would 
like to be able to compose transformations between bundle gerbe morphisms. A 
way to do this is suggested by the previous lemma. Given bundle gerbe morphisms 
f,g,h: P ^ Q together with transformations 9: f ^ g and X: g ^ h then we have 
the induced section A 6* of Dg^h ® Df,g- We define the composed transformation 
\9: / /i to be the image of this section X®9 under the isomorphism Dg^h®Df,g 
Dfji. By the lemma above this operation of composition is associative. We can 
define an identity transformation 1/ : / =^ / by noticing that the identity section of 
the bundle gerbe Q pullsback to define a section 1/ of (/, which is compatible 

with the descent isomorphism for Djj = {f,f)~^Q- Therefore it descends to a 
section 1/ of Dfj and it is straightforward to check that this acts as an identity. 

The case where the manifold M is a point illuminates the preceding discussion. 
In this case a bundle gerbe over a point becomes a groupoid — ie a groupoid 
such that the automorphism groups of each object of the groupoid are isomorphic to 
C^. Following we define the groupoid Gr(P) associated to a bundle gerbe 
(P, X, M) when the manifold Ad is restricted to a point mp £ M as follows. We let 
the objects of the groupoid Gr(P) be the points of X„if, where Xmo = 7i'~^(mo). 
Given two points oi Xma, and X2, we define the set of arrows Hom(xi, 2:2) from 
Xi to X2 in Gr(P) to be the points of the fiber P[xi,x2)- Composition of arrows in 
Gr(P) is then provided by the bundle gerbe product on P and the identity arrow 
from a point x to itself is provided by the identity section e{x) of P evaluated at the 
point x. Since inverses exist in P every arrow is invertible and it is not hard to see 
that Gr(P) is a groupoid. Thus we have a family of groupoids, indexed by 
the points of M. It is in this sense that a bundle gerbe is a 'bundle of groupoids'. 

It is not hard to see that in this case, when M is restricted to a point, a bundle 
gerbe morphism f : P ^ Q induces a functor / : Gr(P) Gr(Q) (the important 
point here is that / preserves the bundle gerbe products on P and Q). Suppose 
that we are given a second bundle gerbe morphism g: P ^ Q and a transformation 
9: f ^ g. So is a section of the bundle Df g = D{Df,g) on M and hence 
lifts to a section 9 of the bundle Df g — {f,g)^^Q on X. It follows from the 
definition of Df^g that we have the following isomorphism of bundles on X^^^: 

It also follows that the section 9 of Df^g is compatible with this isomorphism in the 
sense that ^p{9{x2)'S> f{u)) = g{u)'S>9{xi) where u G P{xi,x2) and f : P ^ 
and g: P ig^^^)~^Q are induced by / and g respectively. When we restrict M to a 
point mo G M , this is exactly the condition that 9 defines a natural transformation 
(in fact a natural isomorphism) between the functors / and g. 

We would like to define a 2-category BGrbM whose objects are the bundle gerbes 
P on M. We refer to for the definition of a 2-category (see also Section ||). 
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We take as the objects of BGrbM the bundle gerbes P on M, and given two 
bundle gerbes P and Q on M, we define the category Hom(P, Q) as above. Thus 
the objects of Hom(P, Q) (1-arrows of BGrbA/) are the bundle gerbe morphisms 
P ^ Q and the arrows of Hom(P, Q) (2-arrows of BGrbjv/) are the transformations 
6: f ^ g. We need to define a composition functor 

m: Hom(Q,i?) x Hom(P, Q) Hom(P,i?). 

It is clear how to define the action of m on 1-arrows: ii g: Q ^ R and f : P ^ Q 
are bundle gerbe morphisms, then we put ni^g, f) = g o f ■ It is not so clear how to 
define the action of m on 2-arrows. However we have the following result from p9[ . 

Lemma 4.3. Suppose we are given three bundle gerbes {P,X), {Q,Y) and (R, Z) 
on M together with bundle gerbe morphisms fi,f2'- P Q and gi,g2- Q ^ R. 
Then we have the following isomorphism of <C^ bundles on M : 

-^910/1,320/2 — ^/l,/2 ® ^91,92- 

This Lemma suggests a way to define the action of m on 2-arrows. Suppose 
6': /i => /2 is a transformation between bundle gerbe morphisms {P,X) — > {Q^Y) 
and that \: gi ^ g2 is a transformation of bundle gerbe morphisms {Q,Y) 
{R, Z). Then 9 and A lift to sections 9 and A of the <C^ bundles -D/1,/2 — f2)^^Q 
and Dg-^,g^ = {gi,g2)^^R on X and Y respectively. g2 induces an isomorphism 
h- Q -> i92^r^R, soifx e X then g2{eix)) G 0/1 (£c), 920/2(0;)) • Let ^ A denote 
the section of the puUback bundle fi^Dg-^^g^ = [gi o fi^ g2 o fi)^^ R otl X . Then 
if a; e X, /r^A(a;) € R(g^of^ {x),92ofiix)) and so g2{9)fi ^A(a;) e R(gioS^(x),g2of2(x))- 
It is easy to check that g2{9)fi^\ commutes with the descent isomorphism for 
-^gio/1,920/2 — (51 ° /ii52 ° f2)^^R and therefore descends to a section o A of 
-^910/1,920/2 ■ 

Note that fiberwise, ie regarding bundle gerbes as being bundles of groupoids, 
this is simply the operation of composing natural transformations in the 2-category 
Cat with categories as objects, functors as 1-arrows and natural transformations 
as 2-arrows — recall that if we have categories C, D and E together with functors 
Fl, F2 : C ^ D and Gi, G2 : D — > E plus natural transformations a: Fi ^ F2 and 
/3 : Gi => G2 then one can define the composed natural transformation (3 o a: Gi o 
Fl ^ G20F2. 

We need to show that the action of m on 2-arrows is functorial. Suppose that 
we have bundle gerbes P, Q and R, bundle gerbe morphisms /i,/2,/3: P — *■ Q, 
gii 92, ga- Q R and transformations between them as pictured in the following 
diagram 



fl 91 




h 93 



To show that m is a functor we need to show that the two different ways of compos- 
ing 2-arrows coincide — ie (A23A12) o (6'236'i2) = (A23 o 6'23)(Ai2 o6'i2)- It is sufficient 
to show that 

53(^23)/2 ^A2332(^12)/i ^Al2 = 53(^23^12)/i ^(A23Al2). 
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Since A23 is compatible with the descent isomorphisms for the bundle Dg^^g^, we 
have A23(2;2)ff2(u) = 53(w)A23(2/i) for {vi,V2) e F^^l and u e Q{yi,y^)- Therefore 
/2~^^2352(^'i2) — 53(^i2)/r^A23, which ostabhshcs the equation above. One can 
also check that the functor m is associative and that identity 1-arrows and identity 
2-arrows behave as they should with respect to composition by m. Hence we have 
the following proposition. 

Proposition 4.4 ([^). There is a 2-category BGrb^v/ whose objects are bundle 
gerbes P on M , l-arrows are bundle gerbe morphisms P ^ Q and whose 2-arrows 
are transformations between bundle gerbe morphisms with the composition laws 
given as above. 

5. SiMPLiciAL Bundle Gerbes and Bundle 2-Gerbes 

We use our description of BGrbA/ as a 2-category to define the notion of a 
simplicial bundle gerbe on a simplicial manifold X = {Xp}. We are motivated by 
Brylinski and McLaughlin's definitions of a simplicial line bundle (Q Definition 5.1) 
and a simplicial gerbe page 617). We record here the definition of a simplicial 
line bundle. 

Definition 5.1 (|^). A simplicial line bundle on a simplicial manifold X, ~ {Xp} 
consists of the following data: 

1. a line bundle L — » Xi 

2. a non-vanishing section s of the line bundle S{L) on X2 where 

S{L) = dg^L (g) d^^L* (g) d:2^L, 

where : Xp Xp^i denote the face operators of the simplicial manifold 
X, = {Xp}. 

3. s induces a non-vanishing section 5{s) of the line bundle 55{L) on X^ where 
Sd{L) is defined by 

SS{L) ^ dQ^S{L) ® d^^5{L)* (g) d^^6{L) ® d^^5{L)* 

and 5{s) = d^^s (g) d^^s* g) d^^s g) d^^s*. Notice that as a result of the 
simplicial identities satisfied by the face operators d^: Xp Xp-i the line 
bundle 55{L) is canonically trivialised. We demand that 5{s) matches this 
canonical trivialisation. 

Note the following consequences of this definition. 

(i) The non- vanishing section s of S(^L) defines a line bundle isomorphism dg L® 

covering the identity on X2- The coherency condition on 
s is equivalent to this line bundle isomorphism satisfying an 'associativity' 
condition on X3. 

(ii) In the special case where the simplicial manifold X, = {Xp} is the simplicial 
manifold associated to a surjection tt: X —>■ M which locally admits sections, 
then a simplicial line bundle on X, recovers the definition of a bundle gerbe. 

(iii) Another important special case is when AT, = {Ap} is the simplicial manifold 
NG associated to the classifying space of a Lie group G (see ||ll|). Then a 
simplicial line bundle on NG is the same thing as a central extension of G by 
Cx (§). 
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We use the notion of a simplicial line bundle to motivate our definition of a 
simplicial bundle gerbe. To avoid cluttered notation later on, it is convenient to 
restrict attention to the simplicial manifold X, associated to a surjection n: X ^ M 
which admits local sections. This will not affect our results at all; everything we 
say will be true for an arbitrary simplicial manifold, however it is easier to state 
this for X,. 

We start with a bundle gerbe (Q, Y, X^^^) on X^^^. We suppose there is a bundle 
gerbe morphism m: tt^ Q O tt^ Q nWQ. It is convenient to introduce some 
new notation (analogous to that used in [|6)) to avoid large, complicated diagrams. 
Let us denote by F o y ^ X^^l the local-scction-admitting surjection whose fiber 
at a point {xi,X2.,xz) € Xl^l is Yf^^^^^-^ x Y^^^^^^^y So Y oY ^ T^f Xxm t^^^Y. 
Another way of looking at this is that Y oY is the restriction of F x F to (F x 
where X^l o X^l = {{{x , y) , {y , z))\ {x,y),{y,z) G X^^^ = X^l. A 
point of r o r is of the form (2/23,1/12) where 1/23 e ^(xa^xa) and yi2 G Y{xi,x2) 
for some point {xi, X2, X3) G Similarly let Q o Q denote the restriction of 

Q^Q^ X y[2] o y)[2] ^ y[2] ^ y[2] rpj^^g QoQ = tt'^Q ® tt'^Q and 

has fiber {QoQ)((y23,yi2)Ay'iz.y'i2)) at a point ((^23,2/12), (2/23,2^12)) of {Y oY)'^'^'^ equal 

to Q(y23,yi3) ® <3(yi2,yi2)- 

By construction the triple {QoQ, YoY, X^^^) is a bundle gerbe — the bundle gerbe 

(tTi^Q (g) TT^^^Q, TTj^^F "'3'^^, -''^'^')- The bundle gerbe morphism m: 7rj"^(5 ^ 

TTi^^Q 1^2^ Q is then a bundle gerbe morphism (also denoted m) Q o Q Q 

covering the map 772: X^^^ X^^^ sending a point {xi,X2:X3) of X^'^l to the point 

(xi,x3) of ^[2]. OverXW we can define another bundle gerbe {QoQoQ^YoYo 

Y, ATW) where Y oY oY ^ X^^'^ is the local-section-admitting surjection with fiber 

■^(0:3,2:4) ^ Y{X2;X3) ^ "Y{xi,X2) 
3 

over a point (xi, X2, X3, 0:4). Q° = Q o Q o Q is defined in an analogous fash- 
ion to Q o Q above. The bundle gerbe morphism m gives rise to two bundle 
gerbe morphisms mi,m2'- Q° ^ Q which cover the map — > X^"^^ which 

sends (xi, X2, X3, x^) to (xi,X/C). We have mi = (toi,toi), m2 = {'ni2,m2) where 
3 

mi, m2 : F° = F o F o F ^ F are given by mi(?/34, 2/23, 2/12) = "i(™(i/34, 2/23), 2/12) 
and m2(2/34, 2/23, 2/12) = "7,(2/34, '71(2/23, 2/12)), and mi, 7712: (5° ^ Q are given by 
mi(M34 (g) M23 8) M12) = ?7i(m(u34 ® U23) ^ U12) and m2(M34 U23 (E) ■U12) = m(u34 ^ 
™(w23 O U12)), for Uij G y' y We demand that there is a transformation of 

bundle gerbe morphisms a: mi m2. Recall that this means there is a section 
a of the bundle {mi,m2)^^Q on F" which descends to a section a of the 
bundle A = L'((mi,m2)-iQ) = Dm,,^^ on XW. 

Finally, over we can define a bundle gerbe (Q° , F° ,A:[51) where g° and 

4 4 
F° are defined in the obvious way. So for example, F° is the local-section- 
admitting surjection on X^^^ with fiber 

at a point (xi, 2:2, 2:3, X4, 0:5) G X^^l. Now the bundle gerbe morphism m gives rise 
to five bundle gerbe morphisms Ali : Q° Q, i ~ 1, . . .5 covering the map X^^l — > 
Xl^l which sends {xi, X2, X3, Xi, x^) to {xi,X5). The bundle gerbe morphisms M; 
are given as follows: Mi = m{m o l)(m o 1 o 1), M2 = m{m o 1)(1 o m o 1), 
M3 — m(l o m)(l o m o 1), Af4 = m(l o m)(l o 1 o m), M5 = m(m o 1)(1 o 1 o m). 
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Figure 1 . Coherency condition for associator transformation 



Here we have abused notation and denoted for example by m o 1 the bundle gerbe 
morphism Q° Q° which sends ti34(8i'U23<X'Ui2 to m(u34®M23)<8>ui2- Notice that 
Ms can also be written as M5 = TO(lom)(TOolol). It is not too hard to see that we 
have the following isomorphisms of bundles on X^^\ We have Dmi,M2 = ^f^^; 

From 



D 



M2,M3 



TTg ^A, D 



M3,M4 



"■5 DMi^Ma 



^A* and D 



Ma, Ml 



Lemma 4.1 there is an isomorphism 



Dmi,M2 ® Dm2,M3 ^ Dm3,M4 ^ Dm4,M5 ® Dmi,,Mi — £'a/i,Mi , 

and therefore , since Dmi,Mi canonically trivialised, the bundle 5{A) on X'^l 
must be canonically trivialised. Here 5{A) is the bundle given by 



5{A) 



'Ai 



'A* 



We finally require that the induced section 5{a) - 

TT^^a of 5 {A) matches this canonical trivialisation. This coherency condition on 
the section a should actually be viewed as an equality of transformations of bundle 
gerbe morphisms as indicated in Figure |l]. Notice that this bit of theory is possible 
precisely because the tt^ are the face operators for a simplicial manifold. All that we 
have said applies equally well to an arbitrary simplicial manifold. Hence we make 
the following definition. 

Definition 5.2 (jl^). A simplicial bundle gerbe on a simplicial manifold X, = 
{Xp} consists of the following data. 

1. A bundle gerbe {Q,Y,Xi) on Xi. 

2. A bundle gerbe morphism m: d^^Q C^) d2^Q d^^Q over X2. 

3. A transformation a : mi m2 between the two induced bundle gerbe mor- 
phisms mi and 7712 over X3. mi and m2 are defined as in the following 
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diagram. 



do ^c^i ^<3 ® d^ ^d^ 



'd^'Q) 



c?i ® d^ ^d^ 



d^\d^^Q®d2^Q) 



■■d7^d7\ 



So 



m o (dp "'^m ® dj "'^dj "'^Iq) and m2 = d^ o (dj^ "'^dg ^Ic 



mi - 

Thus a is a section of the C 



) dg ^ra). 



bundle A — D„ 



over X^. 



4. The transformation a satisfies the coherency condition 

d^^^a ® d^'^a* ® d^"'"a d'^'^a* ® d^^a — 1, 
where 1 is the canonical section of the bundle S{A) over X4. 

Note that the coherency condition on the transformation a can also be viewed 
as the commutativity of a diagram of the form Figure |^. Clearly the notion of a 
simplicial bundle gerbe is a special case of Brylinski and McLaughlins definition of a 
simplicial gerbe To recover the definition of simplicial gerbe from Definition 5.2 
above, simply replace each occurrence of the word 'bundle gerbe' by the word 
'gerbe', 'bundle gerbe morphism' by 'gerbe morphism' and so on (strictly speaking 
we should insert certain canonical equivalences of gerbes where we have equalities 
of bundle gerbes, but this is of no real importance). Note that the associator 
transformation of gerbe morphisms in the definition of a simplicial gerbe can be 
interpreted as a section of a certain line bundle on X^, and the coherency condition 
on the transformation can be interpreted as a coherency condition on sections of 
line bundles on X4, as above. 

We define a bundle 2-gerbe to be a special case of the above definition. 

Definition 5.3 (fl^). A bundle 2-gerbe consists of a quadruple of smooth man- 
ifolds {Q,Y, X, M) where tt: X — > M is a smooth surjection admitting local sec- 
tions and where {Q,Y, X^"^^) is a simplicial bundle gerbe on the simplicial manifold 
X, = {Xp} with Xp = associated toir: X ^ M. 

So given a bundle 2-gerbe (Q, Y, X, M), we have a bundle gerbe {Q, Y, X^^l) and 
a bundle gerbe morphism to: tt^ Q^tt^ Q — > tt^ Q. The bundle gerbe morphism 
TO consists of a pair of maps (m, to), where to: 1^123 — t^i^Y 'Xxi^] '^3^'^ ^ ^i3 = 
TTj^^y is a map commuting with the projections to X^^^ and m: tt^^Q "'s'^Q ^ 
TT2^Q covers to'^' : ~^ W3' ^^'^ commutes with the bundle gerbe products on 
TTi^Q TT^^Q and TT2^Q- So fiberwise to is a map 



Y 



for (a;i, a;2, ^3) G X^'^^ and to is a map 

'5(y23,a23) ^ ^iyi2,y'l2) ~^ '5(ni(y23,yi2),"l(l/23>2/l2)) 
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for (2/23,2/12), (2/23,2/12) £ ^123- Thus for each pair of points {xi,X2) lying in the 
same fiber of tt: X ^ M, we obtain a groupoid Gr((5)(^j .j,^). Given a triple of 
points {xi, X2,X3) lying in the same fiber of tt: X — > M the bundle gerbe morphism 
m gives rise to a functor m: Gr(Q)(^2 ^^3) x Gr((5)(^^^^^) ^ Gr((5)(a.^ ^^3) as ex- 
plained in Section ^. Let us denote the action of the functor m on a pair of objects 
(2/23,2/12) of Gr((5)(2,2_2,3) X Gr((5)(^^_2,2) by 2/23 o 2/i2- The transformation a gives 
rise to a natural transformation, also denoted a, between the functors bounding the 
following diagram. 



Gr(Q)(a;3,i^4) X Gr(Q) 

(3:2 ,2:3 ) 

X Gr(Q) 

(a:;i ,2:2} 



■ Gr(0) X Gr(Q) 



ixm 




Gr(Q)(^3,^,) X Gr(Q)(^^^^3) 



Gr(Q)(^^,^^) 



The coherency condition on the transformation a of bundle gerbe morphisms can 
be viewed as an associativity coherence condition on the natural transformation a. 
Let us briefly recall the definition of a bicategory [||. A bicategory B consists of 
objects A, B,C, . . . and for each pair of objects A and B a category Hom(A, B). 
The objects of liom{A, B) are called 1-arrows or 1-cells of B and the arrows of 
Hom(yl, B) are called 2-arrows or 2-cells of i3. A 2-cell (/) between 1-cells a and 
/3 of Hom(A,i3) is denoted (j): a /3. Given three objects A, B and C oi B 
there is a composition functor Hom(_B, C) x Hom(A, B) ^ Hom(A, C) whose 
action on a pair of objects {a, /3) of Hom(i?, C) x Hom(yl, i?) (1-cells of B) is 
denoted a o (3 and similarly for 2-cells. The composition functor is associative up 
to a coherent isomorphism. This means that given objects A, B, C and D oi B 
with 1-cells a G VLom{A,B), /3 e Hom(i3, C) and 7 £ Hom(C, D) then there is 
an isomorphism 

a(7, l3,a): (7 o /?) o a ^ 7 o (/3 o a) 

in Hom(j4, C) which is natural in A, B and C. The natural isomorphism a is 
called the associator natural isomorphism. The associativity coherence condition 
means that the well known pentagonal diagram commutes. One also requires that 
for every object A oi B there is a 1-arrow 1^ of Hom(A,y4) and for every 1-arrow 
a E Hom(^, B) of B there are left and right identity isomorphisms La'- ao 1^ a 
and Ra : 1_b o a a which are natural in the 1-arrows a. These isomorphisms 
are finally required to satisfy the coherency condition that the following diagram 
commutes. 

a(a, 1b./3) 

[f3 olg) o a > l3 o [Ib o a) 



laoRa. 



(3 o a- 



■■ (3 o a 



where a is a 1-arrow of Hom(^, B) and /3 is a 1-arrow of Hom(i?, C). A bicategory 
in which all of the natural isomorphisms a, L and R are the identities is a 2-category. 

One can define the notion of a hiequivalence between bicategories; we will refer to 
[2) for this. One can show |l^ that every bicategory is biequivalent to a 2-category. 
We also have the notion of a bigroupoid. 

Definition 5.4 (|^). A bigroupoid consists of a bicategory B which satisfies the 
following two additional axioms. 
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1. 1-arrows are coherently invertible. This means that if a is a 1-arrow of 
Hom(A, B) then there is a 1-arrow /3 of Hom(i?, A) together with 2-arrows 
0: /3 o a 1^ of Hom(A, A) and ^/j: a o f] =^ in Hom(i?, B). 

2. All 2-arrows are invertible. 

By a bigroupoid we mean a bigroupoid B in which the automorphism group of 
every 1-arrow is isomorphic to C^. 

We have the following Proposition. 

Proposition 5.5 ([p^). For each point m of M , the restriction of a bundle 2-gerhe 
{Q,Y,X,M) to the point m gives rise to a family of bigroupoids Qm- 

We take as the objects of Qm the points of X,n — 7r~^(m). Given two such points 
Xi and X2 we define the category Hom(a;i,a;2) to be the category Gr((5)(xi,x2) de- 
fined above. It is clear that the bundle gerbe morphism m provides the composition 
functor and that the transformation a plays the role of the associator natural iso- 
morphism. All we have to do then is to define left and right identity morphisms and 
show that they are compatible with a. We will not do this here and refer instead 
to Thus we can think of a bundle 2-gerbe as being a 'bundle of bigroupoids'. 

6. The Homotopy Bigroupoid and the Tautological Bundle 2-Gerbe. 

An important example of a bigroupoid is the so-called homotopy bigroupoid or 
fundamental bigroupoid 112 (X) associated to a topological space X (see ||l[). 112 (X) 
is defined as follows. The objects of Il2{X) are the points x of X. Given two 
points xi and X2 the category Hom(a;i,X2) is defined to have as objects (1-cells 
of n2(X)) the paths 7: J ^ X with 7(0) — xi and 7(1) = X2 where / denotes 
the unit interval [0, 1]. Given two such paths 71 and 72 the set of 2-cells 71 =4> 72 
is defined to be the set of homotopy classes of maps I y. I ^ X such that 
/^(O, i) = 71 (i), = 72(0; /^(sjO) = Xi and /x(s, 1) = X2. Two such maps /i 

and ji' belong to the same homotopy class if there is a map H : I x I x I ^ X such 
that H{0,s,t) = ^l{s,t), H{l,s,t) = ^l'{s,t), i?(r,0,i) = ji{t), H{r,l,t) = 72(i), 
H{r,s,0) = xi and H{r,s,l) = X2- To define the composite 2-cell [A] [^] : 71 =i> 73 
for 2-cells [^] : 71 =^ 72 and [A] : 72 73 we choose representatives and A of [/i] 
and [A] respectively and define [A] [/i] to be the homotopy class of the map 



It is straightforward to check that this law of composition is well defined and is 
associative. Notice that every 2-cell of 112 (X) is invertible. We need to define the 
composition functor 



If 723 is a 1-arrow of Hom(x2,a;3) and 712 is a 1-arrow of Hom(xi,X2) then we 
define 771(723, 712) to be the path 723 o 7^2 : / — > A" given by 




m: Hom(x2,2:3) x Hom(a;i, 2:2) Hom(xi,a;3). 
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(745 o (734 0723)) 0712 




(745 o 734) o (723 o 712) 745 ° (734 o (723 ° 712)) 

a 



Figure 2. Associativity coherence condition for 112 (X) 



If [M23]: 723 ^ 723 Hom(a;2,a;3) and [^12]: 712 ^ 712 in Hom(a;i,X2) are 2- 
arrows, we define m([/i23], [/ii2]) = [^23 ° ^12] to be the homotopy class of the map 



^i2(s,2t), s e [0,1], t e [0,i], 

A*23(s,2t-1), [0,1], [i,i], 



where /i23 is a representative of the homotopy class [fJ-23] and /ii2 is a representative 
of the homotopy class [fJ-i2]- Note that the map fi23 ° fJ-i2' I x I ^ X defines a 
homotopy with endpoints fixed between 723 0712 and 723 0712- It is straightforward 
to check that this defines a functor. We now need to define identity 1-arrows and 
identity 2-arrows. Given an object x of 112 (X), we define 1^ to be the constant 
path at X and the identity 2-arrow 1^ to be the constant homotopy from the 

constant path to itself. 

Next wc define the associator isomorphism. Given 1-arrows 734 in Hom(x3, X4), 
723 in Hom(a;2, X3) and 712 in Hom(a;i, X2) we need to define a 2-arrow 

0(734, 723, 712) : (734 o 723) o 712 734 o (723 o 712)- 

There is a standard choice for 0(734,723,712) — see for example [^. We set 
0(734, 723, 712) equal to the homotopy class of the map 0(734, 723, 712) : I x I ^ X 
given by 

'712(2^), se[0,i], tG[0,2^], 

(4) a(734,723,7i2)(s,i)= <( 723(4i-2 + 5), se[0,l], t e ^-.i 



734(^^), [0,1], te[^ 



4 

4M: 



One can check that the assignment of the 2-arrow 0(734,723,712) of Hom(a;i, 2:4) 
to the 1-arrow (734,723,712) of Hom(a;3,a;4) x Hom(x2,a:3) x Hom(a;i,a;2) is a 
natural transformation m o (m x 1) mo(l x m). We now have to check that 
the natural transformation a satisfies the associativity coherence condition. This 
means that we have to check that the diagram of 2-arrows in Figure || is the identity 
2-arrow from ((745 o 734) o 723) o 7^2 to itself. We will omit the proof of this fact 
and refer to [|l^ where an explicit homotopy between the composed 2-arrow from 
((745 o 734) o 723) o 712 to itself and the identity 2-arrow is given. To show that 
112 (X) is a bicategory, we need to produce left and right identity isomorphisms. If 
7 e Hom(xi,a;2) then -^(7) is a 2-arrow 7 ^ 7 o l^.^. We define ^(7) to be the 
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homotopy class of the map 

' XI, t e [0, f], 
7(fEf), tG[f,l] 



{s,t) 



Similarly if 7 G Hom(xi,2:2) then i?(7) is a 2-arrow i?(7) : ^ ^ ° 7- We set 
i?(7) equal to the homotopy class of the map 



{s,t) 



+ tG [0,^], 

X2, t e 1]. 



One can check (see that the assignments 7 t-^ -^(7) and 7 t-^ ^(7) define 

natural transformations and that moreover these natural transformations are com- 
patible with a. Hence 112 (X) is an example of a bicategory. One can also show 
that the 1-arrows of 112 (X) are coherently invertible and, as mentioned earlier, all 
2-arrows of 112 (^) are invertible. Therefore 112 (X) is a bigroupoid - the homotopy 
bigroupoid of X. 

We will now use this description of the homotopy bigroupoid 1X2 (X) of X to 
define the tautological bundle 2-gerbe of [|o| over a 3-connected manifold M. Recall 
that we start with a closed four form O on M with integral periods, representing a 
class in H^{M ; Z). We then form the path fibration tt : VM M, where VM is the 
Frechet manifold consisting of piecewise smooth paths 7: [0, 1] M, 7(0) = toq 
where mo is a basepoint of M, and where tt is the map sending such a path 7 to 
its endpoint 7(1). The fibration tt: VM M has fiber F equal to the space of 
piecewise smooth loops in M, flM. 

We will define a simplicial bundle gerbe on the simplicial manifold X, — {Xp} 
with Xp = XP and with face and degeneracy operators di : XP^^ X^, Si : X^ 
^p+i given respectively by 

dii^Xi , . . . , Xp^i ) {xi , . . . , — 1 , , . . . , Xp^i ) 

^i{xi , . . . , Xp) — (xi,... ,Xi,Xi,... , Xp) . 

Performing the construction for the simplicial manifold X, above with X = QM 
fiber by fiber on VM will define the tautological bundle 2-gerbe. We start with 
a 2-connected manifold X and a closed 3-form oj on X with integral periods. We 
construct a bundle gerbe on X^ ^ X x X in the usual way. We define a fibering 
Y — > X^ with fiber Y/^xi.Xi) at (xi, X2) G X"^ equal to the space of piecewise smooth 
paths a: I ^ X with a{Q) — x\ and a(l) — X2. Next we define a bundle 
Q yt^l whose fiber at (a,/?) G is all equivalence classes [/i, z] where z G 
and ^ : ^ X is a homotopy with endpoints fixed between a and that is 
/i(0,t) = a(i), = m(^jO) — ^1 and /x(s, 1) — xi. The equivalence 

relation ~ is defined by declaring (^1, z\) ^ {fi2, -^2) if for any homotopy F : ^ X 
with endpoints fixed between /ii and /i2 we have 



Z2 = ziexp(/ F*{uj)). 

Here we say that is a homotopy with endpoints fixed between /ii and /i2 if we 
have i^(0,s,t) = ^^(l,s,t) = M2(s,t), i^(r,0,t) = F(r,l,t) = 

f (r, s,0) = xi and -F(r, s, 1) = xi. One can define an associative product mq on 
Q — > yf^l as in by setting mQ{[fjL,z\ (g) [v^w]) — [^v, zw], where fiv: l'^ ^ X is 
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defined by 

'i^(2s,t), s e [0, i], t e [0,1], 



{^lv){s,t) 



^i{2s-i,t), se [i 1], <e [0,1] 



One can check, see [Q, that this is well defined and associative. Next we define a 
bundle gerbe morphism m: d^^Q ® d^^Q d^^Q with m = {rh,m). So fiberwise 
m will be a map ^(ss^z^a) x y( 2^^,2:2) Y(^^^ .j.^y m is defined by the composition 
functor in the bigroupoid Il2{X) so to(q!, /?) — a o (3 where a o /? : / — > X is the 
path from xi to 0:3 given by 



{ao(3){t) 



'/3(2t), [0,i], 
a(2t- 1), t e [i,l] 



The map m: d^^Q ® d^^Q di^Q covering mP'^ is defined by m([/j,23, 2:23] (?) 
[^12,2:12]) = [^J.2■i ° fJ-u, Z23Z12], where ^23 ° M12 is defined by the action of the 
composition functor m in the bigroupoid 112 (X) on 2-arrows. Hence /i23°Mi2 ■ ^ 
X is the homotopy given by 



(/^23 O Ail2)(s,<) 



Mi2(s,2t), se [0,1], te [0,i], 

^/^23(s,2t-l), se [0,1], [i,i]. 

Again, one can check (see [|l^), that this is well defined and commutes with the 
bundle gerbe products. As usual, m defines two bundle gerbe morphisms mi = 
(toi, mi), TO2 = (w2, m.2) between the appropriately defined bundle gerbes on X^. 
So fiberwise mi and m2 are maps Y(^^^^^^) x ^(2,2,0:3) x Y(^^^^^^) -> y(xi,a;4) which are 
given by 7711(034, ^23, Q;i2) = ((334 o 023) o ai2 , m2(a34, 023, 0:12) = 034 o ("23 ° ai2)- 
rhi and 7712 are defined in an analogous fashion. As we have already seen, there is 
a homotopy mi ~ m2 . We can use this homotopy to write down a section a which 
trivialiscs the bundle (mi, TO2)^^Q o^YoYoY. We have a(a34, Q!23, ^12) = 
[0(0:34, 023, 012), 1] where 0(034, 023,012) : P ^ X is defined in equation |[ Recall 
that the associator natural isomorphism for the bigroupoid 112 (X) is defined via 
a. The fact that this is a natural isomorphism is exactly the requirement that 
a descends to a section a of the bundle A on AT**. Finally, one needs to show 
that a satisfies the coherency condition over X^ or, alternatively, that d satisfies 
the analogous coherency condition. Let i5(d) denote the 2-arrow in Figure |^ from 
(745 0(734 0723)) 0712 to itself. In [|l^ an explicit homotopy from 5{d) to the identity 
2-arrow at (745 o (734 o 723)) o 712 was written down. One checks easily that the 
puUback of to by this homotopy is zero. This shows that a satisfies the required 
coherency condition. 



7. The Cech 3-class associated to a Bundle 2-gerbe. 

Let {Q,Y,X,M) be a bundle 2-gerbe. We will explain how to construct a 
valued Cech 3-cocycle associated to Q. Choose an open covering of M all of 

whose finite intersections are empty or contractible and such that there exist local 
sections Si: Ui ^ X oi i: : X ^ M. Form maps (si, Sj) : Uij — > A^^l by sending a 
point TO of Uij to the point {si{m), Sj{m)) of A^^l. Let {Qij ,Yij ,Uij) denote the 
puUback of the bundle gerbe {Q,Y, X^"^^) to Uij via {si,Sj). Therefore Yij — > Uij 
is a local-section-admitting surjection and the fiber (Ky ),„ of Yij at m G Uij is 
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Since Uij is contractible, the bundle gerbe {Qij, Yij, Uij) is trivial. Hence there is 

[2] 

a bundle Pij on Yij and an isomorphism Qij — > S{Pij) over Y^^ which commutes 
with the bundle gerbe products on Qij and the trivial bundle gerbe S{Pij). The 
bundle gerbe morphism m: n^^Q ^ tt^^Q — > tt^^Q pulls back to define a bundle 
gerbe morphism Qjk (8> Qij — > Qik, also denoted m. In particular there is a map 
to: Yjk X M Yi-j — > Yik covering the identity on Uijk- Let Ptju = Pjk®'rn~^P*f,®Pij. 
Thus Pijk is a bundle on Yjk x m Yij. Note that there is an isomorphism 
5{Pijk) Qjk ® ijn^^^)~^Q*ik ® Qij which commutes with the respective bundle 
gerbe products. Moreover, the bundle Qjk ® ®Qij has a canonical 

trivialisation provided by the bundle gerbe morphism to. The following Lemma 



follows easily from Example 3.1 



Lemma 7.1. Suppose {P,X,M) and (Q,Y,M) are bundle gerbes with a bundle 
gerbe morphism f:P—>Q. If P and Q are both trivial, so there exist bundles 
Tp and Tq on X and Y respectively, with 6{Tp) = P and 6(Tq) — Q, then the 
bundle Tp (g) f~^TQ descends to M . 

Applying this result we see that Piju descends to a bundle Pijk on Uijk- Next, 
over Uijki we have two induced bundle gerbe morphisms toi, TO2 : Qki®Qjk®Qij 
Qii. By Lemma ^ the bundle {mi,m2)~^Qii on Yijki = Yu xm Yjk Xm Y^j 
descends to a bundle Aijki on Uijki, and it is clear that Aijki ~ [si, Sj, Sk, si)^^A. 
We will show that there is an isomorphism 

A.,jki = Pjki ® P*ki ® Pvi ® P*jk 
of bundles on Uijki- Recall that the map toi : Yijki Yu is defined by com- 
position: Yijki "—^^ Yiji Yu, where Yiji — Yji xm Yij. It is not hard to show 
that Pki (g) P ik ® Pij ^ nil P*i — 7TY..^^{Piji <E) Pjki)- Similarly we get another 
isomorphism Pki (g Pjk g) Pij g" nT'2^^ii — "^y^fci (-^u^ ® Piki)- Since we have an 
isomorphism m^^P*i g) Pu ~ TTy^^^Aijki, we get the required isomorphism 
A,jki ~ Pjki «) Piki g) Pzji g" P*k over Uijki- Now choose sections a,jk of over 
Uijk and define g^jki : Uijki by 

<7jki ® cr*ki (7iji g) cr*jk ■ gijki — aijki- 
One can show that gijki is a Ccch 3-cocycle. We have the following Proposition. 

Proposition 7.2 ([p^). gijki satisfies the Cech 3-cocycle condition 

-1 „ „-i 



9jklm9iklm9ijlmgijkm9ijkl 



- 1, 



an I 



d hence is a representative of a class in H {M;Cjy.j) = iJ (A/; Z) 



There is another method of calculating the Cech 3-cocycle gijki which is similar 
in spirit to the method used to calculate the Cech representative of the Dixmier- 
Douady class of a bundle gerbe. Let {Q,Y,X,M) be a bundle 2-gerbe. Choose 
an open cover {Ui}i,=i of M all of whose finite non-empty intersections are con- 
tractible and such that there exist local sections Si'- Ui ^ X of tt. Form the maps 
{si,Sj): Uij — > Xl^l as above and again denote the puUback of the bundle gerbe 
(QjYjXl^l) to Uij via (s,;,Sj) by {Qij, Yij, Uij). In certain circumstances, for in- 
stance if Try : F — > X^^^ is a fibration, one can choose sections aiji Uij Yij of 
^i'ij • Yij — > Uij. Note that in general one would only be able to choose an open cover 
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{U"j} aeSij of Uij such that there were local sections cr^ : Yij of Try.^. . We will 

assume here that we are in the former situation described above. For ease of nota- 

[2] 

tion denote m((Tjfe, (Ty ) by o-jfcOCTjj . Then we have a map (uifc, cr^fcOCTy ) : Uijk — 
which sends m € Uijk to {(Tik{m), {ajk o o'y)(m)) G Y^f, . Let Qijfe denote the pull- 
back bundle {(Jik,cfjk o <^ij)^^Qik on C/ij^. We then have 

— {crki,o'ki)~^Q ® Qijk 'S> Qiki 

= Qijk Qiki- 

Similarly we have {{aki ° <Jjk) ° <^ij, <^ii)~^Q = Qju ® Qiji- Also it is clear that 

((cfci o ajk) o cTy , cTfei o {ajk o cFij)) — Aijki, 

where we denote the puUback bundle {si, sj, Sk,si)^^A on Uijki by Aijki- It follows 
as above that there is an isomorphism 

Aijki = Qju ® Qiki ® Qi]i ® Qijk 

of bundles on Uijki- Choose a section pijk of Qijk over Uijk and define a map 
e-tjki ■ Uijki -> by pjki ® p*ki (S> Piji ® p*jk = a{si, Sj,Sk, si)eijki- As above 
satisfies the Cech 3-cocycle condition S{e)ijkim = 1 and hence is a representative of 
a class in H^{M;C^,j) — H'^{AI;Z). It is straightforward to check that these two 
methods of assigning a Cech 3-cocycle to a bundle 2-gerbe give rise to the same 
class in H'^{M;Z). 

It is also a straightforward exercise to define such notions as the puUback of a 
bundle 2-gerbe and the product of two bundle 2-gerbes and prove that the four 
classes behave as one would expect under these operations. 

8. Bundle 2-gerbe Connections and 2-curvings 

Just as there is a notion of a bundle gerbe connection on a bundle gerbe, there 
is also a notion of a bundle 2-gerbe connection on a bundle 2-gerbe {Q,Y,X,M). 
This requires a choice of both a bundle gerbe connection V on the bundle gerbe 
(Q, F, A"!^!) and a curving / for V. 

Definition 8.1 (|l|l). Let {Q,Y,X,M) be a bundle 2-gerbe. A bundle 2-gerbe 
connection on Q is a pair (V,/i) where V is a bundle gerbe connection on the 
bundle gerbe Q and /i is a curving for V such that the associated 3-curvature uj 
on satisfies S{uj) = 0. 

For a proof that bundle gerbe connections always exist, see jl^. Note that this is 
a non-trivial fact to prove, as one has to deal with two complexes {flP{X^*^), Sx) and 
(f2P(y[*l), (5y) associated to the two local-section-admitting surjections ttx : X 
M and Try : Y X^^l. The idea of the proof is to first choose any bundle gerbe 
connection V on Q and any curving / for V. Then one can show that there is a two 
form /i e such that S{uj) = dp, where lu is the 3-curvature associated to 

the bundle gerbe connection V and curving /. Similarly one can show that there is 
a one form a e r2i(A:W) such that S{p) = da and moreover S{a) = 0. Hence, using 
the exactness of the complex (H) one can solve the equation a = d{l3) for some 
one form /3 S i}^{X^'^^). Continuing in this way one can show that it is possible to 
adjust the curving / by the puUback of a two form on X^^l so that the 3-curvature 
ui' associated to V and the new curving /i satisfies S{uj') — 0. 
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Given a bundle 2-gerbe connection (V, /i) on a bundle 2-gerbe {Q, Y, X, M) we 
can solve the equation tu = 5{f2) for some three form /2. A choice of /2 is called 
a 2-curving for the bundle 2-gerbe connection (V, /i). Given a choice of 2-curving 
/2, we have 5{df2) = and hence d/2 = 7r*(0) for some necessarily closed four form 
Q on M. We call 8 the four curvature of the bundle 2-gerbe connection (V,/i) 
and 2-curving /2. We have the following Proposition. 

Proposition 8.2 ( [p^ ). The four curvature Q is a closed, integral four form on 
M which represents the image in H'^{M;R) of the class in H'^{M;Z) represented 
by the Cech cocycle gijki ■ 

As an example of this structure, consider the tautological bundle 2-gerbe on a 

3- connected manifold M associated to a closed, integral four form 8 on M. Recall 
that the tautological bundle 2-gerbe (Q, Y, VM, M) was defined by constructing the 
tautological bundle gerbe on each fiber of tt: VM — > M. Another way of viewing 
this construction is to first pull back the four form 8 on M to PM. Since PM is 
contractible we can solve 7r*8 = (i/2 for some three form /2 on PM. Then it is easy 
to see that the three form S{f2) on PM^"^^ is closed. Since M is 3-connected, PAfl^l 
is 2-connected and we can construct the tautological bundle gerbe (Q, Y, T^M^^l) on 
PMI^I from the three form S{f2) using the methods of [|| and [0. (Q, Y, PM, M) 
is then the tautological bundle 2-gerbc. In it is shown how to construct a bundle 
gerbe connection on the tautological bundle gerbe over PM^"^^ and a curving such 
that the associated 3-curvature is 5{f2). This choice of bundle gerbe connection and 
curving therefore defines a bundle 2-gerbe connection on the tautological bundle 
2-gerbe and /2 provides a 2-curving for this bundle 2-gerbe connection. 8 is then 
the associated 4-curvature. 

It can be shown that given a bundle 2-gerbe {Q,Y, X, M) with bundle 2- 
gerbe connection (V,/i) and 2-curving /2 there is a class Z?(Q, V, /i, /2) in the 
Deligne hypercohomology group H^{M;C^f — > fl^j — > [l\.f) associated to 
Q. As a consequence of this one can show that the class in H'^{M) defined by the 

4- curvature 8 equals the image in H'^{M) of the class in H^{M;C^j) defined by 
the Cech 3-cocycle gijti- 



9. Bundle 2-Gerbes and the First Pontraygin Class 

Suppose we are given a principal G bundle P — > M, where G is a compact, 
simply connected, simple Lie group. Then it is well known that tt2{G) = and 
H^{G; Z) = Z. It is shown in Q that there is a closed, bi- invariant three form v on 
G with integral periods which represents the canonical generator of H^iG; Z) = Z. 
If G = SU{N), then v is the three form 2h^tT:{dgg-^ f . 

Recall from ||l^ that we can define a bundle gerbe {Q,PG,G) on G with three 
curvature equal to u. The fibre of Q ^ PG^"^^ at a point (a, /?) G "PG^^l is the set 
of all equivalence classes {4>,z\ where z G and 0: ^ G is a homotopy with 
end points fixed between a and (3. Two pairs {(j)i,zi) and {4>2,Z2) are declared 
equivalent if for all homotopies F : ^ G with end points fixed between (pi and 
(j)2 we have Z2 = zi exp{Jj3 F*v). The bundle gerbe product is defined by 



[4il,Zi\®[4)2,Z2] ^ [<j)l(j)2, Z1Z2], 
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where 4'i4'2 denotes the homotopy defined by 

(<^i02)(M) = ^^('^'*^ for0<.<l/2 
^ [02(2s-l,i) forl/2<s<l 

It is shown in that this is weU defined, associative, etc. 

Proposition 9.1 ([^). The bundle gerbe {Q,PG,G) is a simplicial bundle gerbe 
on the simplicial manifold NG. 

Proof. We first need to define the bundle gerbe morphism m = (m, m, id) which 
maps 

m : d^^Q ® d^^Q d^^Q. 

Define m : dQ^VG Xq2 d2^PG — > di^VG covering the identity on = G x G by 
sending (a,/?) to the piecewise smooth path a o q;(1)/3 given by 



(aoa(l)/3)(t) 



a(2i), 0<i<l/2 
a(l)/3(2t- 1), l/2<t<l. 



Next, we need to define a equivariant map m : d^^Q d2^Q ^ d^^Q covering 



ml^l : [dg^VG x^s d^^VG)^^^ d^^VG^^^ 

and check that it commutes with the bundle gerbe product. So take pairs {(f), z) 
and w) where z,w G and (j> : ^ G and -0 : — > G are homotopies with 
endpoints fixed between paths ai,a2 and /?i,/32 respectively. Then we put 

z), {tp, w)) = {(j)o 0(0, 1)0, zw) 

where o 0(0, 1)0 : G is the homotopy with endpoints fixed between ai o 

ai(l)/3i and a2 ° a2(l)/32 given by 

(0O0(O,l)0)(5,t) 



0(s,2t), 0<i<l/2 
0(O,l)0(s,2t- 1), 1/2<<<1. 



We need to check firstly that this map is well defined — that is it respects the 
equivalence relation ~ — and secondly that fh commutes with the bundle gerbe 
products. So suppose (0, z) ~ (0,2;) and {ip^w) ~ (0 ,w ), where and are 
homotopies with endpoints fixed between paths ai and a2 and where and are 
homotopies with endpoints fixed between paths /3i and /?2. We want to show that 

(0 o 0(0, 1)0, zw) ^ (0 o (0, l)^f| ,zw). 

Therefore we want to show that for all homotopies H : ^ G with endpoints 
fixed between o 0(0, and o (0, l)-0 we have 



z w = zwexp{ / H*v). 



Note that if $ : /"^ ^ G is a homotopy with endpoints fixed between and 
and : /"^ — > G is a homotopy with endpoints fixed between and ^p , then by 
integrality of i/ we have 

exp( / H*i')=exp{[ ($ o $(0, 0, 1)*) V). 

J/3 J/3 
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Therefore we are reduced to showing that 



zw =zwe^p{ (<i> o $(0,0, 1)^')*;/). 

J/3 



We have 



exp( / ($o$(0,0,l)«')V) = exp( / $*i/)exp(/ ($(0, 0, 1)*) V). 

J/3 J/3 J/3 

By the bi-invariantness of v, we get ($(0,0, l)'^)*v = '^*v, hence 



exp(/ ($*$(0,0, =exp( / $V)exp(/ 

J/3 J/3 J/3 



which implies the result. Hence m is well defined. It is a straightforward matter to 
verify that m respects the bundle gerbe products. 

It remains to show that there is a transformation of the bundle gerbe morphisms 
mi and m2 over G x G x G which satisfies the compatibility criterion over G x G x 
G X G. This has already been done above for the tautological bundle 2-gerbe and 
the proof given there carries over to this case. □ 

Suppose that we have a principal G bundle n : P ^ AI. Form the canonical 
map r: —^ G defined by p2 — piT{pi,p2) for pi and p2 in the same fiber. We 
can extend r to define maps t: G"-^ for any q > 2 by 

t(pi,P2, ■ ■ • ,Pq) = {t{P1,P2), ■ ■ ■ ,T{pq^l,Pg)). 

Notice that r defines a simplicial map pi'l — > NG, between the simplicial manifolds 
p[*l and NG,. Clearly the puUback bundle gerbe t'^Q = {Q, P, pPl) is a simplicial 
bundle gerbe on the simplicial manifold P^*! . We have the following Proposition. 

Proposition 9.2. The quadruple of manifolds (Q, P, P, M) is a bundle 2-gerbe. 

Brylinski and McLaughlin |^ Q defined a canonical 2-gerbe associated to a 
principal G bundle P on M where G was a compact, simple, simply connected 
Lie group. They showed that the class in H'^{M ; Z) associated to this 2-gerbe was 
equal to the first Pontryagin class pi of the principal bundle P. If we calculate the 



four class associated to the bundle 2-gerbe Q of Proposition 9.2 then we recapture 
the result of Brylinski and McLaughlin. 

Proposition 9.3 (§,0). The class in H'^{M;Z) associated to the bundle 2-gerbe 
Q is the transgression of [v], that is the first Pontryagin class pi of P. 

Proof. We will calculate the Cech four class of the bundle 2-gerbe Q and show that 
it is exactly equal to the Cech cocycle obtained by Brylinski and McLaughlin in 
and 0. We then apply Theorem 6.2 of |^ to conclude that this Cech four class is pi. 
We calculate the Cech cocycle gijki as follows. First choose an open cover {Ui}i^i of 
M relative to which tt: P ^ M has local sections Si. Since P P'^' is a fibration, 
we can choose sections of the puUback fibration {si, sj)^^ P = Pij — > Uij. This 
is equivalent to choosing maps jij: Uij x I —> G such that 7y (m, 0) — 1 and 
7y(m, 1) = gij{m). Next we choose sections pijk'- U^jk {(Jik-,(^]k o aij)~^Qik. 
This amounts to choosing maps ^ijk'- Uijk x I x I ^ G such that "fijk(rn,0,t) = 
7ik{m,t), jijk{m,l,t) = {-jij o gijjjk){m,t), jijk{'m,s,0) = 1 and 7ijfe(m, s,l) = 
gij(m)gjk{m). Such maps ^ijk exist because G is simply connected. Define a 
section tijki of the bundle {au.crki o {a^k o crij))~^Qa by tijki = {e{aki) ° Pijk)piki. 
In a similar manner construct a section Sijki = {pjki ° G(aij))piji of the bundle 
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{cFiU(Tki°{(^jk°cFtj)) ^Qii- We make tjjfe; into a section of (cTji, (afcio (7^7;) otjy) ^Qiz 
by using the associator section: a{(Tki )tijki. Finally we define the cocycle 

gijki by Sijki = a{aki,(7jk,atj)tijki ■ 9ijki- We can get an explicit formula for g^jki as 
follows: we choose a homotopy with endpoints fixed Hijki : Uijki xlxixl ^ G such 
thati/yfei(TO, 0,s,i) = hi]°gijl]ki)liji{s,t), Hiju{m,l,s,t) = a{"fku"fjknij){lijk° 
grklki)liki{s,t), Hijki{m,r,G,t) = j^i{m,t), iJ^fe/ (m, r, 1, t) = {lij o gjkl^k) ° QiklkU 
Hijki{m,r,s,0) = 1 and Hijki{m,r, s,l) = gu and we set giju = e^p(jj^H*-,,iv). 
This is just the integral of v over the tetrahedron shown in the following diagram, 



9ij 




9ik 



as described in |^ and 0. Thus our cocycle agrees with the cocycle defined by 
Brylinski and McLaughlin. □ 



10. Higher Gluing Laws 

As a prelude to the discussion of trivial bundle 2-gerbes in the next section, we 
will discuss some features of 2-descent (see ^). We have already seen that if we are 
given a family of bundles Pi defined on an open cover {Ui}i^j of a manifold M 
such that there exist isomorphisms 0^ : Pi — > Pj satisfying the cocycle condition 
(j)jk o (j)ij = (j)ik then we can construct a bundle P defined on M which is 
locally isomorphic to Pi over each open set Ui. If we replace bundles by bundle 
gerbes then new complications arise. Rather than demanding that the equation 
(f'jk o 0ij = (j^ik is satisfied on the nose, we can settle for the weaker condition that 
there is a transformation of bundle gerbe morphisms ijjijk ■ 4>jk ° (t>ij =^ 0ifc which 
satisfies a certain cocycle condition — the non-abelian 2- cocycle condition. We shall 
see that it is still possible to 'glue' the various bundle gerbes Pi together to form a 
bundle gerbe P on M. 

Suppose we are given an open cover {Ui}i^i of a manifold M such that there 
exist bundle gerbes Qi over Ui. Suppose also that over each intersection Uij 
there exist bundle gerbe morphisms (j)ij : Qi\uij ~* Qjluij- Suppose as well, that 
over each triple intersection Uijk there exist transformations of bundle gerbe mor- 
phisms i^ijk- 4>jk\uijk ° 4>i]\uij =^ 4'ik\uijk- Finally, suppose that the diagram 
of transformations of bundle gerbe morphisms in Figure ^ commutes. If we let 
Lijk denote the bundle D^.^o4>ij,4,ik on Uijk then we have an isomorphism 
Lijk ® Liki = Liji Ljki of bundles on Uijki or, put another way, a canonical 
trivialisation Ljfei (g)L*j,; (g)Lij;(8)L*i/j = 1. The condition that the diagram of bundle 
gerbe transformations in Figure commutes translates into the requirement that 
the induced section ipjki ^ ipiki ® ^ 4'ijk matches this canonical trivialisation. 
We have the following proposition. 

Proposition 10.1. Suppose we are given an open cover {Ui} of M and a triple 
(Qi, 4>ij^ i^ijk) as described above. Then there is a bundle gerbe Q on M and bundle 
gerbe morphisms Xi'- Q\ui ~* Qi over Ui together with transformations ^ij : (pij o 
Xi ^ Xj which are compatible with the transformations ipijk ■ 
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Figure 3. The non-abehan 2-cocycle condition 



Proof. Suppose the bundle gcrbcs Qi arc given by triples {Qi, Xi,Ui). We first 
construct the bundle gcrbc {Q,X,M). Let X — Yliei -^i' Then the fibre product 
of X with itself over M is X^^l = ]Jj j^i Xi Xm Xj. Suppose the bundle gerbe 



morphisms are given by 



). Define a map fij : Xi Xm Xj X 



[2] 



by sending {xi,Xj) G Xi Xm Xj to {(j)ij{xi),Xj). Let Qij = fij^Qj- Define a 
bimdlc Q on X^^l by setting Q = Qij with projection map Q X'^l 

induced by the various projections Qij — > Xi Xm Xj. We want to show that the 
triple {Q, X, M) is a bundle gerbe. We first define the product in Q. This is a 

bundle isomorphism tti^Q ® t^-^^Q '^2^Q covering the identity on X^^^ which 
satisfies an associativity condition on Since X^^^ = Xi Xm Xj Xm X/. this 

amounts to finding a bundle map Qjk <Si Qij — > Qik satisfying an associativity 

condition over Xi x m Xj x m Xk x m Xi . 

Let Ujk e {Qjk){x,,xk), Uij e iQij){x,,x,) for ixi,Xj,Xk) e Xi xm Xj Xm Xk. 
Then u^k e (<9j)(0.,(x.),2;,) and Uij G {Qk)(4>jk(xj),xk)- Apply 0y to Uy. Then 



(j)jk{uij) e {Qk){ 
that 



'>jk(<k^j{x^)),<Pjk(xj))- Using the bundle gerbe product in Qk we have 

Ujk(f)jk{u^j) e {Qk){4,j:,(<l,,^{x,)),Xk)- 

Let ipijk denote the section of the bundle {(j)jk o (pij, 4'ik)~^Qk on Xi\lJ^■^ which 
descends to ijjijk ■ Using the bundle gerbe product in Qk again, we have that 

Ujkhk{Uij)lp^l{Xi) G iQk){4.Mxi),Xk)- 

We define a product in Q by sending Ujk®Uij to Ujk-Uij ~ Ujk4>ij{uij)iil}~-l{xi). We 
have to check that this product is associative. This follows easily from the following 
equation satisfied by tpijk- 

ll'tkl{Xi)(^kl{Ajk{Xt)) = 'li^ijl{Xi)'li)jkl{4>i]{Xi)). 

This equation is a consequence of the coherency condition satisfied by ipijk . There- 
fore (Q, X, M) is a bundle gerbe. We now need to define the bundle gerbe morphism 

Q\ui Qi- First of all we define a map X\ij. Xi covering the identity on Ui. 



If Xj G Xj and nxjixj) G Ui, then (j)ji{xj) G Xi. Since X\]j. — W^^^j X 



this 



j£.J - 

Xi. Now suppose {xj,Xji) G ^|^' and Ujj' G Q(xj,x^,)- 

to Uij means that (l>j'i{ujj') G 



defines a map X\ui 

So Ujj' G {Qj')(4,^^,(x,),x^,)- Hence applying 

Therefore 

h'i{ujj')'4)Jyi{xj) G {Qi){4>ii(xi),4>,i,(x'^))- 



iQ 
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This defines a bundle map Q\ui ^ Qi- It is not hard to check that this map 
commutes with the bundle gerbe products on Q and Qi and hence defines a bundle 
gerbe morphism Xi'- Q\ui ~^ Qi- Similarly, one can define a transformation of 



bundle gerbe morphisms : (j)ij o Xi ^ Xj which is compatible with ^/;- 



'ijk- 



□ 



The triple {Qi, (f>ij jipijk) is called 2-descent data relative to the open covering 
U = {Ui}i^i. One can think of these 2-descent data as being objects of a 2-category 
2-Desc(W). Let {Qi,(j)ij,'4'ijk) and {Pi, (pij ,i^ijk) be two sets of 2-descent data. A 
1-arrow from {Qi,4>i3,4'ijk) to {Pi, 4>ij ,'4'ijk) is a pair {fij,Tij) where fi: Qi ^ Pi 
is a bundle gerbe morphism and is a transformation of bundle gerbe morphisms 
as pictured in the following diagram 



Q^ 



P, 




P. 



which is compatible with ipijk and V'ijfe- Given two 1-arrows {fi,Tij) and {gi, Pij) a 
2-arrow {fi,Tij) ^ {gi, pij) is a transformation of bundle gerbe morphisms Xi'. fi ^ 
gi which is compatible with and pij. Horizontal and vertical composition in 
2-Desc(ZY) is defined in the obvious manner. 

The gluing procedure of Proposition 10.1 above allows us to define a 2-functor 
2-Desc(Z//) BGrbM- The action of this functor on objects of 2-Desc(t/) is 
clear: a triple (Qi, (pij, ipijk) of 2-descent data is mapped to the bundle gerbe Q 
With a little work one can show that a 1-arrow (fi, Tij) from 
■ij,ipijk) induces a bundle gerbe morphism f:Q^P and 



of Proposition |10.1 

{Qi,4'ij,4'ijk) to {Pi,4>, 

that a 2-arrow A^: {fi,Tij) ^ {gi,Pij) between two 1-arrows {fi,Tij) and {gi,Pij) 



f 



g- 



Both of these 



induces a transformation of bundle gerbe morphisms A : 
constructions are functorial. 

Note that bundle gerbe morphisms do not glue together in the fashion that 
one would like. One would like to say that given bundle gerbes P and Q such 
that relative to some open cover {Ui}i^i of M there exist local bundle gerbe mor- 
phisms /i : P\ui Q\ui together with transformations of bundle gerbe morphisms 
Tij '■ fi fj which satisfy the cocycle condition TjkTij = Uk, there exists a bundle 
gerbe morphism f : P Q locally isomorphic to fi. Unfortunately this is not true; 
it is however true for gerbes. 



11. Trivial Bundle 2-Gerbes 

In [|6| it was shown that a bundle gerbe P had vanishing Dixmicr-Douady class 
precisely when the bundle gerbe was trivial — ie P was of the form S{T) for some 
bundle T. We would like to know under what conditions the four class of a bundle 
2-gerbe is zero. We will define a certain class of bundle 2-gerbes, trivial bundle 
2-gerbes and show that the four class associated to a bundle 2-gerbe belonging to 
this class vanishes. We will then prove that the converse is true. 

Definition 11.1. Let {Q, Y, X, M) be a bundle 2-gerbe. We say that Q is trivial if 
there exists a bundle gerbe {L, Z, X) on X together with a bundle gerbe morphism 
rj: TT^^L (8) Q — > t^2^L over X^^l and a transformation of bundle gerbe morphisms 
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9 as pictured in the following diagram: 

TTf TTf (g) TT^^Q 



TTj '-rim 




^2 ') 



7^2 ^2 ^£ 




= TTg ""^ry o (tTj^ "'^r/ Cg) 1). Then 
on Xl^l. Moreover there is 



Let us agree to call rji = TT2^'n o (1 gi m) and ri2 
6* is a section trivialising the bundle B ~ D^^^i 

a canonical isomorphism 5{B) — n^^B (g) tt^^B* (g) tt^^B (g) tt^^B* = yl of 
bundles over X^^\ As a final condition we demand that the induced section 6(6) = 
TTi^O g) TT2^0* g) T^s^S g) TT^^9* of S{B) IS mapped to a under this isomorphism. 

Suppose we are now given a bundle 2-gerbe {Q,Y, X, M) with vanishing four 
class. We will make the additional assumption that Try : y ^ X^^l is a fibration. 
Let {Ui}i£i be an open covering of M all of whose finite intersections Ui„ O - ■ -DUi 
are empty or contractible and such that there exist local sections Si : Ui X of 
the surjection tt: X ^ M over Ui. Define maps si: Xi X^^l where Xi = n~^{Ui) 
by Si{x) = {x, Si{n{x))). Let {Li,Zi,Xi) denote the puUback of the bundle gerbe 
(Q,y,X[2l) to Xi via the map Si. Then Zi — > is a fibering with fibre {Zi)^ 



at X £ Xi equal to y{x,si{Ti{x)))- One can also define maps {si,Sj) 
the usual fashion by sending m € Uij to {si{m), Sj{m)) S X^^l. 
the puUback of the fibration Y — > X^'^^ via this map. Choose sections aij of the 



Let Yij denote 



e Zi 



Now we can define maps 
The 



Zj by sending 



Li with 



pullback fibering Yij 

Ui e Z^ to m{aij,yi) 

— {4'ij ^ 4'ij ) '■ Li ' -uj 

identity section of the bundle gerbe {Q.Y.X^"^^). 

We now wish to define transformations ipijk '■ i'jk ° <pij =^ 4'ik satisfying the non- 
abelian 2-cocycle condition over Xijki- To do this, first note that a{ajk,(Jij,yi) G 



(f)ij extend to define bundle gerbe morphisms 
•ij{ui) — m(e{(Tij) g) Ui) where e denotes the 



))) where a denotes the lift of the associator section a 
to Y oY oY. Also, as in Section |^, let pijk denote a section of the pullback bundle 

{m{ajk,(7^J),Crik)~^Q over Uijk- Then ^(pyfe g) e(y,)) G Q(m{m(a,k,a,j),yi},ni{a,k,yi))- 

Therefore 



'>jk{4>ij(yi)):'t>ik(yi)) ■ 



Since the Cech 3-cocycle gijki representing the four class of Q is trivial, one can show 
that it is possible to choose pijk so that the sections i/'yfc defined above satisfy the 
non-abelian 2-cocycle condition. Therefore, using Proposition fO.l, one can form a 
bundle gerbe (L, Z, X) on X which is locally isomorphic to each {Li, Zi, Xi). 

However, more is true. The bundle gerbes {Li, Zi, Xi) provide local trivialisa- 
tions of the bundle 2-gerbe Q. To see this, note that the bundle gerbe morphism 



7^2 provides a bundle gerbe morphism 77^: tt-^^ Li ® Q 
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^-^i sending a point (j/i, y) of tt-^ ^Zi x^[2] Y to m{yi, y) e ttj and a point 
Ui ® u oi iu_Li ® Q to m{ui ® u). One can also define transformations Oi as in 



Definition |f f . f | above. It is possible to show |19(], although it is very tedious, that 
rji and 9i are compatible with the 2-descent data (L^, (t>ij ,ijjijk) relative to the open 
covering {Xi}i^i of X. It follows that r/i and 9i glue together to form a bundle 
gerbe morphism rj : Tr^^L>Si Q — > 1^2^ L and a transformation 9 as in Definition |1 1 . l[ 
Thus the bundle 2-gerbe Q is trivial. 

One can show that it is possible to remove the restriction that Try : Y ^ X^'^'^ 
be a fibration. 

Proposition 11.2 (|l^]). The four class of a bundle 2-gerbe {Q,Y,X,M) vanishes 
if and only if the bundle 2-gerbe Q is trivial. 
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